There is increasing evidence that background selection, the effects of the elimination of recurring deleterious mutations by natural selection on variability at linked sites, may be a major factor shaping genome-wide patterns of genetic diversity. To accurately quantify the importance of background selection, it is vital to have computationally efficient models that include essential biological features. To this end, a structured coalescent procedure is used to construct a model of background selection that takes into account the effects of recombination, recent changes in population size and variation in selection coefficients against deleterious mutations across sites. Furthermore, this model allows a flexible organization of selected and neutral sites in the region concerned, and has the ability to generate sequence variability at both selected and neutral sites, allowing the correlation between these two types of sites to be studied. The accuracy of the model is verified by checking against the results of forward simulations. These simulations also reveal several patterns of diversity that are in qualitative agreement with observations reported in recent studies of DNA sequence polymorphisms. These results suggest that the model should be useful for data analysis.
INTRODUCTION
A classic observation in the study of genetic diversity is that the level of variability at putatively neutral sites is positively correlated with the local recombination rate for the locus in question. Such a relationship has been found in many organisms such as Drosophila (Begun and Aquadro, 1992) , humans (Cai et al., 2009) and Caenorhabditis (Cutter and Choi, 2010) . Two population genetic models, selective sweeps and background selection, have been widely perceived as potential explanations for this correlation Charlesworth, 2012a) . The selective sweeps model postulates that neutral mutations linked to a nearby favourable mutation, which is on its way to fixation, will 'hitchhike' to high frequencies or even fixation, causing a substantial loss in diversity (Maynard Smith and Haigh, 1974) . In contrast, the background selection model focuses on the effects of the continual removal of recurring deleterious mutations-neutral variants that occur on a haplotype carrying deleterious mutations that are doomed to be eliminated by selection will also be removed from the population, leading to a reduction in variability (Charlesworth et al., 1993) . Intuitively, the association between selected and neutral variants loosens with increasing local recombination rates. Thus, both models predict a positive correlation between nucleotide diversity and recombination rates (reviewed by Sella et al., 2009; Stephan, 2010; Charlesworth, 2012a) .
Although the relative importance of selective sweeps and background selection in evolution is still an open question Stephan, 2010; Charlesworth, 2012a) , it has been generally accepted that most newly arising mutations have deleterious effects on fitness, whereas advantageous mutations occur rather rarely (Eyre-Walker and . Therefore, it is essential to study background selection and understand how its interplay with other evolutionary forces such as demographic changes can shape genomewide patterns of diversity. The importance of this has been highlighted by several recent examinations of DNA sequence polymorphisms in humans (McVicker et al., 2009; Hernandez et al., 2011; Lohmueller et al., 2011) , Caenorhabditis (Cutter and Choi, 2010) and rice (Flowers et al., 2012) whereby broad-scale patterns of variability have been found to be compatible with predictions of a background selection model. Furthermore, there is evidence that background selection may explain the observation that the ratio of silent DNA sequence diversity for X-linked loci to that for autosomal loci is approximately one in East African populations of Drosophila melanogaster, instead of the expected value of three quarters (Charlesworth, 2012b) .
To quantify the importance of background selection, having theoretical models that can efficiently generate detailed predictions about its effects on patterns of diversity is essential. Unfortunately, background selection models are typically difficult to analyse, so that existing models are often limited in scope. For instance, the standard analytic result on which most of the empirical studies cited above rely only makes predictions about the mean coalescent time for two randomly sampled alleles at a neutral site under the influence of background selection, although it takes into account recombination and allows selection coefficients against deleterious mutations to vary across selected sites (Hudson and Kaplan, 1995; Nordborg et al., 1996) .
On the other hand, the best-studied model for which predictions for larger sample sizes are available is based on the simplifying assumption that there is no recombination and every deleterious mutation has the same selective effect (Charlesworth et al., 1995; Gordo et al., 2002; Wakeley, 2008; Walczak et al., 2012) . Recently, a structured coalescent procedure has been used to construct a model capable of making accurate predictions about the joint effects of background selection and recombination on patterns of diversity for an arbitrary sample size . However, the assumption that all sites in the focal region are subject to selection with a common selection coefficient severely limits the applicability of this model.
Additionally, all the above models of background selection are derived under the assumption that statistical equilibrium has been achieved in the population under consideration. However, evidence for recent changes in population size has been reported in many species. A lack of theoretical models that take into account demographic changes has caused analyses of empirical data to resort to brute-force forward simulations (Lohmueller et al., 2011) . But this approach is too time consuming for a thorough examination of the parameter space.
Motivated by these problems, this study attempts to construct a coalescent model of background selection that allows a flexible organization of selected and neutral sites in the region concerned, and that takes into account recombination, changes in population size and variation in selection coefficients. In addtion, a method for generating sequence variability at both selected and neutral sites is developed, allowing the correlation between these two types of sites to be studied. The accuracy of the new model is verified by checking against forward simulations. Several readily testable predictions obtained from these simulations are discussed in relation to observations reported in recent studies of DNA sequence polymorphisms.
Theory A background selection model with constant population size and variation in selection coefficients. Consider a haploid Wright-Fisher population with constant size N, which is at mutation-selection equilibrium. Focus on a genomic region with L functionally important nucleotide sites. New mutations at these sites are unconditionally deleterious, and back mutations are ignored (unidirectional mutation). The number of deleterious mutations arising per individual per generation has a Poisson distribution with mean U, referred to as Poisson(U). The mutation rate is assumed to be uniform across sites, such that the rate per site is u ¼ U/L. The mutation rate is further assumed to be sufficiently low that the infinite sites model (Kimura, 1969) can be applied. The L sites can be divided into K types, with L k sites of type k (kA{1, 2, ..., K}; 
The life cycle is the same as that used previously by Zeng and Charlesworth (2011) . Briefly, generations are assumed to be nonoverlapping. The N adults in the current generation produce an infinite pool of gametes, without fertility differences. Mutation, recombination and selection then operate on the resulting infinite population. During recombination, two randomly chosen chromosomes are paired, and genetic materials are exchanged, via crossing over, with probability R. As with mutation, the recombination rate is assumed to be uniform, such that the per-site recombination rate can be calculated as r ¼ R/(L-1). Furthermore, R is assumed to be sufficiently small that at most one crossover takes place between each pair of chromosomes. The life cycle is completed by population size regulation, which reduces the population size to a finite number by randomly sampling N chromosomes with replacement from the infinite population. All evolutionary forces are assumed to be sufficiently weak that their effects on allele frequencies are approximately additive, in which case the ordering of events becomes unimportant (Ewens, 2004) .
Under the above model, the genetic composition of the population is often described by the distribution of d, denoted by f(d). In an infinite population at equilibrium, it has been shown that
where Johnson, 1999) . For K ¼ 1, Equation (2) holds regardless of the presence or absence of recombination . Here it is assumed that this result can be generalized to the case with K41; this is reasonable because the selected sites are expected to be at linkage equilibrium in an infinite population (Kimura and Maruyama, 1966; Charlesworth, 1990) . To construct the coalescent process, consider a sample of n chromosomes taken at random from the adult population of the current generation. Equation (2) suggests that the numbers of mutations carried by the ith (iA{1, 2,..., n}) sampled chromosome, denoted by
, can be determined by drawing d ik randomly from Poisson(l k ) for all kA{1, 2,..., K}. Going backwards in time, three types of events can occur-mutation, recombination and coalescent. If N is large and the evolutionary forces are weak, the likelihood for more than one event occurring in any one generation is expected to be vanishingly small (Hudson, 1990; Zeng and Charlesworth, 2011) . If time is measured in units of N generations, denoted by t, these events can be approximated as three independent, competing Poisson processes with rates s m , s r and s c , respectively . Hence the waiting time to the next event in the coalescent process follows an exponential distribution with rate s ¼ s m þ s r þ s c . The type of the next event is drawn in proportion to its contribution to s. This process is repeated until only one ancestral lineage remains. Defining g k ¼ Ns k and r ¼ NR, the rest of this subsection sets out to describe how to calculate s m , s r and s c , and how each type of event alters the ancestral lineages in the coalescent process. For ease of presentation, it is assumed that K ¼ 2 and kA{1, 2}.
Consider a chromosome with d ¼ (d 1 , d 2 ) mutations. Using Equation (A5) of Zeng and Charlesworth (2011) , it is straightforward to show that the probability that its parent in the previous generation carried d
Expanding Equation (3) and retaining terms linear in s 1 and s 2 , the probability that no mutation occurs during reproduction (that is, d 
where d i1 and d i2 are the numbers of mutations on the ith lineage, and the summation is taken over all ancestral lineages at the time of calculation. Conditional on the occurrence of a mutation, the probability that the ith ancestral chromosome loses one of the deleterious mutations of type k is d ik g k /s m .
The rate of the occurrence of the next recombination event, s r , is equal to the product of r and the number of lineages at the time of calculation (Hudson, 1990) . Conditional on the occurrence of a recombination event, one of the lineages is taken at random. Assume that the chosen lineage represents an ancestral chromosome with d ¼ (d 1 , d 2 ) mutations. Recombination splits the lineage into two ancestral chromosomes as illustrated in Figure 1 . Since the recombination rate is uniform across the region, the breakpoint, denoted by b, can be determined by sampling from a uniform distribution on {1, 2, ..., L À1} (that is, the breakpoint falls between the bth and (b þ 1)th sites). For the special case with only one type of sites (that is, K ¼ 1 and d ¼ (d 1 )), it can be shown, by using the spatial homogeneity of the model (uniform mutation rate and equal selective effects), that the number of mutations d Zeng and Charlesworth, 2011) . For K41, we note that the spatial homogeneous property holds among sites of the same type. Thus, it can be assumed that the above result for K ¼ 1 is applicable to each type of site individually. Under this assumption, the number of mutations of type k inherited from the first ancestor, denoted by d
where b k is the number of sites of type k that fall to the left of the breakpoint b. Correspondingly,
is the number of mutations from the second ancestor ( Figure 1) .
To complete the reconstruction of the two ancestral chromosomes, we also need to determine the numbers of mutations in the segments non-ancestral to the descendant lineage (shown by the open boxes in Figure 1 ). Based on the assumption made in the previous paragraph and using the result of Zeng and Charlesworth (2011) , it can be assumed that the numbers of mutations of type k in the non-ancestral segments in the first and second ancestral lineages, denoted by q 
Consider the first ancestral chromosome in Figure 1 . Its reconstruction has confined the d ða1Þ k and q ða1Þ k mutations of type k to the left and right of the breakpoint b k , respectively; a similar restriction applies to the mutations on the second ancestral chromosome. This is in contrast to the lack of prior knowledge about the locations of the mutations on the descendant chromosome. To record this location information, which is required for calculating the coalescent probability (see below), a genetic background is defined for each chromosome in the coalescent process. For example, for the first ancestral chromosome in Figure 1 , we can define where P() is given by Equation (10) of Zeng and Charlesworth (2011) . P() describes the proportion of individuals with d mutations whose spatial distribution of mutations is specified by a given genetic background (for example, G ðaÞ 1 ). The arguments leading to Equation (4) 
. The key assumption is that the function P() can be generalized as
which should be reasonable because the derivation of the original P() relies on the spatial homogeneity property of the model, which is A coalescent model of background selection K Zeng expected to be valid with respect to sites of type k. Thus, replacing P() in Equation (4) by that defined by Equation (5), the coalescent probability between a given pair of lineages can be calculated. Under the scaled time, the rate for a pair of lineages to coalescent is Np c . Assuming that it is extremely unlikely for multiple coalescent events or coalescent events involving more than two lineages to take place in one generation, the coalescent rate, s c , can be obtained by enumerating all possible pairs of lineages in the coalescent process at the time of calculation, and summing up values of Np c calculated for those pairs with compatible genetic backgrounds. Conditional on the occurrence of a coalescent event, a pair of lineages is randomly chosen with probability Np c /s c and is merged into an ancestral lineage with genetic background G ðaÞ .
Neutral sites. Suppose that, in addition to the K types of selected sites, there are also neutral sites in the focal region (that is,
where L is the total length of the region). The theory described in the previous subsection suggests that the calculations of s m , s r and s c are unaffected by the addition of neutral sites because the calculations concerning s m and s c , as well as the reconstruction of ancestral chromosomes (Figure 1 ), are carried out with respect to the selected sites alone, whereas, for s r , r is already defined with respect to the entire region. The challenge lies in determining how a recombination breakpoint will alter the genetic background of the affected lineage. This can be done by recording the relative positions of the various types of sites in the simulation algorithm.
Changes in population size. Equation (3) implies that the probability for an ancestral lineage to lose one of the d mutations it carries one generation back is approximately Sd k s k , independent of the population size. This stems from the fact that strongly deleterious mutations (that is, g k 4 4 1) are under the control of selection rather than drift, so that frequencies of deleterious variants become largely independent of the population size and approach the deterministic limit of u/s k at each selected site (Charlesworth and Charlesworth, 2010, Sects. 6.3 and 6.4) . Let N(t) be the population size of the tth generation before the present (tX0). If we rescale time in units of the extant population size N(0), and redefine g k as N(0)s k , the rate at which mutations carried by an ancestral lineage is being lost is Sd k g k ; thus s m can be determined. Similarly, the probability that the lineage of interest is a recombinant of two ancestral chromosomes in the previous generation is R, also independent of the population size. Redefining r as N(0)R, s r can be calculated as described previously. In contrast, the coalescent probability is a function of the population size, and Equation (4) should be redefined as p c (t) (tX1) by replacing N with N(t). We can obtain s c by applying p c (t) to standard formulae for calculating time-dependent coalescence rates (for example, Equation (4) of Slatkin and Hudson, 1991; see Supplementary Text) . With these amendments, the coalescent process can be constructed.
Generating sequence variability at both selected and neutral sites. Sequence variability at selected sites can be generated by making use of the location information on the deleterious mutations that is recorded when reconstructing the history of the sampled chromosomes. This is illustrated in Figure 2 for a case where two chromosomes are sampled, and the focal region consists of 10 selected sites of the same type (that is, K ¼ 1 and L ¼ L 1 ¼ 10). The two sampled chromosomes carry one and two deleterious mutations, respectively, as indicated by their genetic backgrounds G
1 and G
1 . However, we do not have any prior knowledge of the locations of these mutations; nor do we know whether they are specific to one of the sampled chromosomes or are shared. Going backwards, the first event is a crossover with a breakpoint between the 5th and 6th sites. This splits G 
1 is confined to [1, 5] , this restricts the mutation in G ð5Þ 1 to [1, 5] (see also Figure 3 of Zeng and Charlesworth, 2011) . Note that the most recent common ancestor of the first five sites in the focal region has been reached in this event (indicated with the dark grey boxes). Combining these two factors, we can deduce that a deleterious mutation located somewhere in [1, 5] is shared by both chromosomes in the sample. Going further backwards, G 
1 , thereby completing the reconstruction of the ancestry of the sample. If there are neutral sites in the focal region, sequence variability can be generated using standard methods conditional on the reconstructed genealogy (Hudson, 1990) .
MATERIALS AND METHODS Simulations
The validity of the coalescent model was checked against forward simulations. The forward simulation algorithm is similar to the one described previously , but with the added ability of simulating models with variation in selection coefficients and changes in population size. Unless stated otherwise, a haploid population size of N ¼ 5000 was used. For 
The genetic background of the ith individual in the genealogy is denoted by G 1 (i) (iA{1, 2, ..., 7}). A light grey box represents a site ancestral to the corresponding site in one of the two sampled chromosomes, a dark grey box represents a site ancestral to the corresponding site in both sampled chromosomes and an open box represents a site non-ancestral to the sample. See the main text for a description of how sequence variability at the selected sites can be determined at the same time as the genealogy is reconstructed.
A coalescent model of background selection K Zeng each combination of parameter values, the population was first allowed to evolve for 10N generations for statistical equilibrium to be achieved; then random samples of size n were taken every 4N generations, until 2000 samples were obtained. The coalescent model was implemented by extending the algorithm of Zeng and Charlesworth (2011) , which is in turn a modified version of the ms simulator (Hudson, 1990) . Since the coalescent model is computationally much more efficient, 10 5 samples were simulated for each parameter combination. In both types of simulations, gene genealogies at a number of sites across the focal region were recorded. All the computer programs are available upon request.
Statistics of interest
Two tree-based statistics were calculated using the genealogies obtained from the simulations-T n , the total branch length, and x n , the ratio of the total length of external branches (that is, branches leading to chromosomes in the sample) to T n , where n is the sample size. In the rest of this study, both statistics are expressed relative to their neutral expectations, such that, when calculated using data simulated under strict neutrality, their expected values, denoted by E(T n ) and E(x n ), are one. For n ¼ 2, the effect of background selection on E(T 2 ) at a linked neutral site can be approximated by
where r i is the recombination rate between the ith selected site and the neutral site concerned, and u i and s i are the mutation rate and the selection coefficient at the ith selected site (Hudson and Kaplan, 1995; Nordborg et al., 1996) . The accuracy of the coalescent model was further assessed by several sequence-based statistics. Sequence variability at both selected and neutral sites was used to calculate: p, the nucleotide site diversity; Watterson's y W (Watterson, 1975 ); Tajima's D (Tajima, 1989) ; Fu and Li's D (Fu and Li, 1993) . Note that T 2 is proportional to p, and T n (n42) is proportional to y W . On the other hand, x n , which measures the relative prevalence of singletons (that is, polymorphic sites with the derived allele present in one copy in the sample), is closely related to Tajima's D and Fu and Li's D. For all statistics (both tree-and sequence-based), mean and s.d. were estimated. In some cases, the correlation coefficient (Cor) between values of a statistic calculated for the selected sites and those calculated for the linked neutral sites was also estimated.
RESULTS

Approximating the effects of variation in selection coefficients in an equilibrium population
The accuracy of the coalescent model was first assessed by comparing its predictions about the mean and s.d. of the two tree-based statistics, T n and x n , where n is the sample size, to those obtained from forward simulations. For n ¼ 2, the coalescent model was also checked against the analytic approximation (that is, Equation (6)). In Table 1 , the case with complete linkage between sites is considered. It can be seen that estimates of mean and s.d. obtained from the coalescent model are rather close to those obtained from forward simulations. Compared with the coalescent model, predictions of E(T 2 ) based on Equation (6) tend to be more different from the forward simulation results, and are consistently smaller. The extent of this underestimation is greatest when the deleterious mutation rate is high (compare cases 4 and 5 in Table 1 ). In contrast, the coalescent model appears to be much more robust to the presence of a high mutation rate. Figure 3 examines the case where recombination is incorporated. The simulated region is composed of 2001 sites, close to the average size of the coding region of a gene in the D. melanogaster genome (Loewe and Charlesworth, 2007) . For each triplet in the region, the first two sites are subject to selection with g 1 ¼ Ns 1 ¼ 20 and g 2 ¼ Ns 2 ¼ 50, respectively, whereas the third site is assumed to be neutral. Thus, the focal region has two types of selected sites (K ¼ 2 and
. This is to imitate the codon structure whereby the selected sites correspond to first and second codon positions, at which most mutations are non-synonymous, and the neutral sites correspond to third codon positions, at which most mutations are synonymous. The values of g 1 and g 2 concerned are broadly in line with recent estimates of the intensity of selection against non-synonymous mutations in Drosophila (Loewe and Charlesworth, 2007) . The scaled mutation rate per site is y ¼ Nu ¼ 0.005, which corresponds to an average nucleotide site diversity of p ¼ 0.01, comparable to the value observed in African populations of D. melanogaster.
Simulations have been conducted to generate random samples of size 20 under three different levels of recombination with r/u ¼ 0.25, 1 and 5, respectively, where r is the recombination rate per site (Figure 3 ). The coalescent model is able to provide fairly accurate approximations to both E(T 20 ) and E(x 20 ), although a slight tendency to overestimate E(T 20 ) can be seen (see Discussion). From Figure 3 , it is clear that background selection reduces diversity at linked neutral sites (as measured by T n , which is proportional to Watterson's y W ), and increases the prevalence of low-frequency variants (as measured by x n ). This effect cannot be neglected even in regions where recombination is relatively frequent (for example, r/u ¼ 5).
Approximating the joint effects of background selection and changes in population size A population bottleneck model is considered (Figure 4 ). Time and the mutation and selection parameters are scaled by N ¼ 10 000 generations (the population size prior to the bottleneck). Let t denote the T n is the total branch length of the genealogy for a sample of size n, and x n is the proportion of T n accounted for by external branches. Both statistics are expressed relative to their neutral expectations, such that E(T n ) ¼ E(x n ) ¼ 1 under neutrality. The numbers shown in parentheses are s.d. There are K types of sites in the focal region, with mutations of type k having selective effect s k (kA{1, 2, ..., K}). The number of sites of type k is denoted by L k . In all the simulations, the per-site mutation rate u is uniform across the region. The mutation and selection parameters are scaled by N, the population size, such that y ¼ Nu and g k ¼ Ns k . In the absence of recombination, the properties of the statistics are unaffected by the physical organization of the selected sites and the presence/absence of neutral sites. For case 1,
and g 2 ¼ 15. Cases 4 and 5 are similar, both with
and g 2 ¼ 20; however, the scaled mutation for case 4 is y ¼ 0.01, which is twofold higher than the value of 0.005 for case 5.
scaled time. The first change in population size is assumed to take place at t ¼ 0. The tree-based statistics are calculated using random samples of size 20 taken randomly at various time points during the bottleneck (coloured arrows in Figure 4a ), and are expressed relative to the equilibrium values expected under a neutral model with a constant population size of 10 000. The simulated region is composed of a centrally located selected region (indicated with the horizontal red lines in Figures 4b and c) and two flanking neutral regions. The selected region is the same as that used in Figure 3 (that is, 2001 sites,
and y ¼ 0.005 per site). Figure 4 suggests that the coalescent model can provide very accurate predictions about patterns of diversity during the course of the bottleneck. Interestingly, across the focal region, the spatial distribution of E(T 20 ) remains U-shaped throughout the event. A similar observation applies to E(x 20 ) whose spatial distribution is always n-shaped, although the spatial pattern for E(x 20 ) is less visible than that for E(T 20 ). The quality of approximation to the s.d. of the statistics is also good (Supplementary Table S1 ). In Supplementary  Figures S1 to S3 , results obtained from simulations concerning a different bottleneck model, a population expansion model and a population contraction model have been presented. In all cases, the coalescent model is able to accurately capture the joint effects of background selection and demographic changes.
Studying sequence variability at both selected and neutral sites So far only the tree-based statistics have been considered. Nonetheless, these variables are not directly observable, but have to be inferred from sequence variability. Therefore, the coalescent model has been further examined by checking its ability to predict the statistical properties of four widely used statistics: p, Watterson's y W , Tajima's D and Fu and Li's D. First the bottleneck model used to produce Figure 4 is considered. Neutral variants located in the two flanking regions and neutral variants located within the selected region have been analysed separately (Table 2) . For all statistics, the mean and s.d. produced by the coalescent model are quantitatively close to those obtained from the forward simulations, suggesting that the coalescent model is also able to accurately capture aspects of the frequency spectrum that are not represented by the two tree-based statistics.
The data presented in Table 2 contain information useful for empirical studies. First, the level of neutral diversity within the selected region (as measured by p and y W ) is expected to be lower than that in the flanking regions. This appears to be true for equilibrium populations (to0) and populations that have experienced recent changes in population size (t40; see also Supplementary Figures S1 to S3 ). In contrast, the mean values of the two D-test statistics calculated from neutral variants embedded in the selected region can be either smaller (to0) or larger (t ¼ 0.325) than those calculated from neutral variants in the flanking regions, despite the observation of a higher prevalence of singletons for the former set of neutral sites (Figure 4c ; see also Supplementary Figures S1 to S3). The mean values of Fu and Li's D deviate more from the neutral expectation of zero compared with Tajima's D, suggesting that Fu and Li's D may be more informative about background selection (Charlesworth et al., 1995) , although its statistical power may be compromised by its high variance.
The last experiment assesses whether the coalescent model is also able to predict patterns of diversity at selected sites. Results obtained from four parameter combinations are presented in Table 3 . Several observations can be made. First, the mean values of the four sequence-based statistics predicted by the coalescent model match closely with those obtained from forward simulations. Second, for all statistics, there is a positive correlation (that is, Cor40) between values obtained from the selected variants and values obtained from the neutral variants (see also Supplementary Figure S4) . The correlation for Fu and Li's D appears to be somewhat stronger, although this may be hard to detect in data due to statistical noise. As expected, increasing the recombination rate reduces both s.d. and Cor. On the other hand, everything else being equal, the extent of correlation decreases with increasing g (see also Supplementary Figure S4 ).
The coalescent model is able to capture these general trends regarding s.d. and Cor. However, it tends to underestimate s.d. and Cor for p and y W , especially when selection is relatively weak and recombination rate is low (for example, g ¼ 7.5 and r/u ¼ 0). This is probably caused by a combination of more variable allele frequencies at weakly selected sites in a finite population due to drift and the extra variance induced by the interference between linked selected variants (Hill and Robertson, 1966) . Interestingly, the estimates of these higher-order moments for both Tajima's D and Fu and Li's D remain fairly accurate for all the parameter combinations considered, suggesting that these statistics may be more suitable to be used with the coalescent model in data analysis.
DISCUSSION
The results presented above suggest that the coalescent model can make accurate predictions about the effects of background selection on patterns of diversity in the presence of recombination, recent changes in population size and variation in selection coefficients across selected sites. The level of accuracy seems to be higher for E(x n ) than for E(T n ) in many cases (Supplementary Table S2 ). Due to computational constraints, relatively small population sizes were used in the forward simulations (typically 5000). As discussed in the Supplementary Text, this is likely to have contributed to the observed differences between the coalescent and forward simulations (especially with respect to E(T n )). This discussion has led to the development of two diagnostic criteria that can be used to predict the reliability of the coalescent model (Supplementary Equations (S1) and (S2)). These diagnostic criteria have been tested using simulation results obtained from 203 combinations of parameter values. The results suggest that the diagnostic criteria, which make predictions based solely on data generated by the coalescent model, have high degrees of accuracy (80-85%) and low error rates (B5%; see Supplementary Text for details). These estimates are likely to be conservative because the Standard deviations are shown in parentheses. The model used to produce Figure 4 was simulated. Random samples of size 20 were generated at three time points (indicated with black, red and blue arrows in Figure 4a ). The statistics were calculated using sequence variability at two types of neutral sites-those in the two flanking regions (Flanking) and those embedded in the centrally located selected region (Embedded).
parameters were chosen from regions of the parameter space that are likely to be challenging for the coalescent model (that is, when selection is weak with gp7.5; Supplementary Tables S2 and S3 ). The simulations reveal several patterns that are readily testable using DNA sequence polymorphisms: (1) a positive correlation between neutral diversity and recombination rates (Figure 3 ; Shapiro et al., 2007; Cai et al., 2009; Cutter and Choi, 2010) ; (2) a positive correlation between neutral diversity and the distance to regions subject to background selection (Figure 4b ; McVicker et al., 2009) ; (3) a deficit of diversity in the middle of a selected region (Figures 3 and 4b ; Comeron and Guthrie, 2005) ; (4) a negative correlation between the prevalence of singletons (or low-frequency variants) and recombination rates (Figure 3 ; Shapiro et al., 2007; Lohmueller et al., 2011) ; (5) a negative correlation between the prevalence of singletons and the distance to regions subject to background selection (Figure 4c ; Lohmueller et al., 2011) ; (6) an excess of singletons in the middle of a selected region (Figures 3 and  4c) . Encouragingly, these patterns exist in the presence of recent demographic changes (Figure 4 ; Supplementary Figures S1 to S3), suggesting that previous analyses based on these correlations are likely to be robust. Table 3 suggests that, under background selection, there should be a positive correlation between values of a summary statistic calculated separately using selected and neutral variants; the extent of this correlation decreases as g increases (see also Supplementary Figure S4) . A significant positive correlation between p A (p at nonsynonymous sites) and p S (p at synonymous sites) has been reported in D. melanogaster (Haddrill et al., 2011) . These data were reanalysed by focusing on the 112 loci with K A o7.5%; this should remove fastevolving loci that may have been subject to recurrent positive selection (see Figure 4 of Haddrill et al., 2011) . These loci were further divided into two equal-sized groups according to their K A values, so that the group with lower (or higher) K A should mainly consist of genes under substantial (or weaker) selective constraints. Consistent with higher levels of constraint, the first group has a significantly lower mean p A (0.0022 versus 0.0034; Mann-Whitney test, P ¼ 0.001) and a nominally more negative mean TD A (Tajima's D calculated using non-synonymous variants; À0.34 versus À0.16; Mann-Whitney test, P ¼ 0.15). The correlation coefficient between p A and p S is 0.29 in the more constrained group, lower than the value of 0.49 in the other group (quantitatively similar results were obtained after controlling for K A and K S using partial correlation methods). For Tajima's D, the correlations between values calculated for the nonsynonymous and synonymous variants are 0.12 and 0.48, respectively, in the two groups of genes. These increases in correlation in the less constrained group are consistent with the model prediction. The correlation coefficients for Tajima's D are, however, not higher than those for p (cf. Supplementary Figure S4) ; this is probably due to statistical noise (Tajima's D is statistically more variable, and was calculated using a subset of sites where data were available from all individuals).
Another potential use of the coalescent model is to assist the estimation of the distribution of fitness effects (DFE; Eyre-Walker and . Existing methods for estimating the DFE from DNA sequence polymorphisms rely on the assumption that all sites under consideration are at linkage equilibrium (Keightley and Eyre-Walker, In all cases, the focal region is composed of 2001 sites. Every third site is neutrally evolving, and all the other sites are subject to selection with the same g. The scaled mutation is y ¼ 0.005 per site and the sample size is 20. The mean and s.d. of the four statistics were estimated using sequence variability at the selected sites alone. In contrast, the correlation coefficient (Cor) was estimated using data from both the selected and neutral sites. Note that the expected value of p in an infinite population is 6.7 Â 10 À4 for g ¼ 15 and 0.0013 for g ¼ 7.5. 2007; Boyko et al., 2008) , although simulations suggest that linkage between sites may have a relatively small impact on their reliability (Eyre-Walker and Keightley, 2009 ). Nevertheless, these methods have limited ability to quantify the proportion of highly deleterious mutations, as well as their effects on fitness, since these mutations contribute little, if any, to observed polymorphism, and as a result, inferences of their properties are based on extrapolations of the information gathered from the more weakly selected mutations. However, valuable information may be obtained by making use of variability at linked neutral sites. To illustrate the above point, consider a model where mutations at the selected sites in the focal region share a common g (Figure 5 ). The probability that a selected site with g ¼ 50 is polymorphic in a sample of size 20 is 0.18%, about 19 times lower than that for a neutrally evolving site. With g ¼ 100, the probability is o0.10%. On the other hand, conditioning on a site being polymorphic, the chance that the site is a singleton is 91.6% for g ¼ 50 and 95.6% for g ¼ 100. Thus, the frequency spectrum at selected sites is dominated by singletons, and is expected to have a very similar appearance for very different values of g, making it difficult to make reliable inferences. Nonetheless, with g ¼ 50, we expect to observe a 22.3% reduction in the level of diversity and a 5.4% excess of singletons at neutral sites in the vicinity of the selected region; with g ¼ 100, these values become 12.9 and 1.6%, respectively ( Figure 5 ). Hence, patterns of diversity at linked neutral sites can potentially help to refine estimates of this part of the DFE. However, existing methods often assume that the DFE follows a continuous distribution (for example, a gamma distribution), whereas only discrete distributions can be considered by the coalescent model. Further research is needed to reconcile these two approaches.
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